{2 Fitke and fintte. Sets

Cln Hais clm:lstzv-. we use N 4o denste Hre set f all Fos?bwe Mtagers e, NN {0} )

befmﬁon 2.1

« The emFE(a_ set s said 4o have O element .
c A set R is said to have wn elements f Hrere exists a bBecEjon -fvuw\
Na=f.2,---,n1 onte S (densted b-a_ Sl=n) .

°AS€ESISSaId-Eobefiv\&elfrt'lse'rﬂr\efeMF% or it has vxele_mew(:sfur

<
Some  nelN.

- A set R is said 4o be ivsfivﬂte lf rt s NOST -fiv\i-(:e.

'Defivﬂ'ﬁov/\ 2.2
Let A and B be *two sets.

A ad B have -he sawe mvdiv\qk-ha_ lj there exists a bi')ection 'frow\ A 4 B.
K s dencsted B«a IAl=rl .

- A lhas Ccurclivxa(?ba less Hnran or egoml <o “the Cavdiv\al?ba crg B lf ‘here exists an lv\\‘\ecbiov\
from A o R. K is dencted 'o;a IAlsiRl .

- A has carcliml'i'lua less Hran the CAvdimHaa o-g B \f ‘hece exists an in:\ecbiovx bt no
‘:S 'on,from A 4c R. K is dencsted 'ma (Al<lrl .

[emma 3.1 CPigeoml'\ole 'Rriv\ciPle)

Let m.neN with men . Then there does not exist an iv:')ecbov\ fvom N ko N .
'Prbof:

lV\dMC‘UDV\ on n .

There are 1o pots but cnha 9 covers.

At least 'Fc':s share -dhe same cover.




FP\’UFOS'I’EIOY\ 3.1
|f S is a.fm‘rba set , then the number of elements af S s unigue. .

procf -

Claim - lf (Slem and ISl=n, then m=n.

S«AH:ose (Slem and ISl=n .

There existbijections §:MNw— S and giNa—S

“Then 3"=f:NM—>N,\ is a bgeceim by the above lemma msn .
S’lwﬁlavrlla, f"oﬂ:Nn—»Nw. s a bﬂec&im and so man.

L=

Lemma 2.2
l'f nettf,-&lr\ere. does not exist an 'w:')ecﬁov\ f\'bw\ N +o N, .
Nete N < N,  thece exisks an_irjection f-.N*-»N,,
“then the restriction §|N = alse an 'wf)ecﬁoor\

‘f*ow\ Naw  tbe N (Conbradiction).

Direct c:ovxsez«ew:e cf Hre above lemma :
Theorem 3.1

N s an nfintbe et

. l'f [Al=m . [Bl=n and AAB ¢ then [AVBRl=m+n .
. l-f IAl=wm .lICl=1 and CcshA, ‘then [A\Cl=m-1.
. l’f C is 'w\flv\?(:e ad B = f'\v\'rﬁe, ‘hen C\R is lvtﬁv\'rte.

‘FVhof . (Bxercise)

‘PmFosfam 33
SWFFose. TeS .
lf S ;sj%nr&e-t\nem T s fite
. l-f T is in:)’-wee, “then S is lv\fnree.



'Defivﬂ‘('.ion 33

- A set S s soid to be c:ovaaHg irfn’r(:e -f there exists a laDec(:ion of N onte S
- A set S is sad +to be couwnstable \f tt is erther jzinrﬁe or cowd'nbha iv:-fln?te.
- A set S is said +to be uncouwnstable f tt is NOT counatable .

ExamFle 2.1

) E= the set of all ‘Fos?'b'cve aven number is couﬁl:aula ‘mfn‘rte.
Consider -f:N"—»E defined by Fow =2

2) Z s cow\'&aué wefinrte..

How o construct abijection Fon N’ onto 2.2

Hint : I o , 2> 1,3 Fr5-1 ,4+r>2 , 515 2

Idea : Consbasction an alsowi-ﬁr\m o 60 'Ek\rbvaln all  elemests in Z one 'Dé one .
(Exevcge : Wiite down -+the f;«wd:ion eae':hc'rtla D)

Exercise 3.1

Prove. that

) If A and B are bsth comfalolca irtfim&e ond AnR=¢ , then AUB is also
CoMEa]olxa 17?;4\?&6.

b) lf A and B ae beth CDM(:aJolca ivfiv\'r@e, then AUR is also CDwrbaHé lvﬁnﬂ:e.
(Us‘mﬁ @ , AUR = (A\R) O (ANRIL(BAA) )

’R-uFos-ruon 34

N+x N* is CDMEa.ua_ ir@h’\'te..

dea. of the. procf: )
Go -b\r\vousl«\ very element in W% N one ba. one..

G2) GR)

(l.>\.)\l . \

(L) (2.1) @.)

G

-Deﬁne. 5: N-:( N+—> N* bg f(m,v\) = w +m
Bxerises Show f = bi]ec&ive_ o Mt poirt on the fine
(and so f—‘x N s N N s bl'}ecﬁve. ) M, n)

Nuoer ,f -Foiwes gfmﬂﬂ;«m-)




'Pm[»s-rbm 35

Swﬂ)ose TsS.

. l—f S is cownrkable , then T is cowrkable .

. l—f T 15 uncowskable , thew S is uncowrtable .

"PruFusi-lciov\ 3.6

The —followinjs are eﬂ:dva‘ewb CTEAE) -

(@ S 13 cowrtable .

(b There exsts a Sudjestion f N omto S .

@)_mmexis&mivjecﬁonfSowa‘..

“Theorem 2.2

Q s countably nfinite .

dea of "chf

. -f= N+x N*—>®+ defmed bla -f(m,n):% s a Swjectlor\ .

= Nxn e coutably infinte , ie. there exists a bijection g N'— nxn”
fc.S:N"—»@* s a SWjectlon.

@ is courtable (La the 'Freviovs ~theovrem )

Furthermove |, Ne @ (Ba reja.rdu‘nj V\-—'I"-) which = in%vﬂ";e

O~ ‘avvfmrbe ad so tt can onla_ be Cowrtabla “mﬁvﬂ'(:e.

Q-ﬁu{o!u@ . hence Q. s also C.owrrtablg Mﬁn’l{e.

—R'UFGS?EIQV\ 3.3
If A, s a countable set fcv‘ ecach meN', then A ==M(?| A, 1s couwstable .
Toubles : D Some A's are —frvx'rbe_ while. Some. Aj's are ivxjein‘rte

D A (\A:) may NST be emFta




procf -

For each meN'. let @um: N> A, be a surjection .
Then , define FNxN'— A by Fmn = g 00
Check $ 1 a sudection..

Furthermore , NN’ is countably infike. .
Then , there exists o bijection 8=N*—>N*x N

foj:N-'-—»Ps is a &A\:‘)ecblon and  the vesutt -fo"ews.

Theorem 33 (Cartor's “Theorem )
[ A 15 ang seb . then there exsts ro sujection of A onto P,
where PE s the sebt of all subsets of A.
Think : lf A=$1,2%, then P®Y=1¢, {1}, 03, {1233
Sart of clear 1 A is Frke
proof -
B A=¢ . the statement & trivial (1§ A =¢  then PE)Y=1g1).
Assume A s mnemlsba
gwfrose oY A—PMB) s a Swiection.
Then pick an element. aeA . 2LM) s a sulset of A we etther hae acv@ or agywm .
Let D-{ach: agy@l wich s again o sdoset of A.

B‘&Suar\‘)ec{-jwl:aofﬂ./,,'bﬂ}(a.\fvr&me%

Now ., a,€D or ac¢D ?

However, both cases 3lve. corrbradiction !

Conseiuey\oa :

D (AL<P®I< [PMPM) | <...  ascend s .
KRR

2) There e(stmgﬂjecﬂmfruv\ N orto PONY

- PONY is uncowstable  (Edstence of uwncowttable set )




